Fake weighted projective spaces by Buczynska, Weronika
ar
X
iv
:0
80
5.
12
11
v1
  [
ma
th.
AG
]  
8 M
ay
 20
08
Fake weighted projetive spaes
Weronika Buzy«ska
June 2002
Abstrat
We dene fake weighted projetive spaes as a generalisation of weighted
projetive spaes. We introdue the notions of fundamental group in odi-
mension 1 and of universal overing in odimension 1. We prove that for
every fake weighted projetive spae its universal over in odimension 1 is
a weighted projetive spae.
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1 Introdution.
Miles Reid in his very well known paper [Rei83℄, states (the orollary 2.5 about
ontration of extremal rays):
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Theorem 1.1. If ∆ is a omplete simpliial fan, R an extremal ray of NE(X(∆))
then there is a tori morphism ϕR : X → Y = X(∆∗) whih is an elementary
ontration in the sense of Mori theory: ϕR∗(OX) and ϕR(C) = point⇔ C ∈ R.
Furthermore, let
A → B
∩ ∩
ϕR : X → Y
be the loi on whih ϕR is not an isomorphism; A and B are the irreduible losed
tori strata (. . . ), and ϕR : A → B is a at morphism, all of whose bres are
weighted projetive spaes.
If we use the standard denition of weighted projetive spaes then we see
that the last sentene is false. In the proof Reid desribes the fan of possible
bres of suh ontrations and all them weighted projetive spae. We will show
that wps's are not the only tori varieties with fan desribed by Reid.
In this paper we dene fake weighted projetive spaes as a lass of spaes
dened in Miles Reid proof. Next we will see that wps form a sublass of those
- the aim of this artile is to understand how to distinguish them among all fake
weighted projetive spaes. To give an elegant answer we introdue the notion
of fundamental group in odimension 1. The statement is that a fwps is a wps if
and only if it has a trivial fundamental group in odimension 1.
We also we introdue the notion of overing in odimension 1 and we show
that every fwps has a unique universal overing in odimension 1, whih is a wps.
Using those fats we desribe all possible algebrai ations of a yli group
on a P2, whih are free away from nite number of points. We prove that any
suh quotient is a fwps.
2 Notation and denitions
In this paper by a variety we understand an algebrai variety over the omplex
numbers. In this setion we briey reall basi notions and notation of the tori
geometry, most of them taken from [Ful93℄, in partiular:
N is the lattie of one parameter subgroups of the torus i.e. Zn with the
standard salar produt.
A lattie vetor v is a primitive vetor, if any integral sub-multiple of v is not
in the lattie i.e.: ∀n∈N vn /∈ N .
M is the lattie of haraters whih is a dual lattie to N i.e.M = Hom(N,Z).
σ is a onvex, rational, polyhedral one i.e. subset of NR ≃ Rn suh that:
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• there exist lattie vetors v1, . . . , vk ∈ N suh that any point x ∈ σ an be
written as
∑
aivi, where ai ∈ R≥0
• does not ontain any linear subspae, i.e. σ ∩ (−σ) = 0.
Suh σ we will also denote by cone(v1, . . . , vk).
σ∨ is the dual one of the one σ i.e. σ∨ = {v ∈MR = N∗R : ∀x ∈ σ v(x) ≥ 0}.
Sσ = σ
∨ ∩M is the monoid assoiated to the one σ where the addition agrees
with addition in M .
Aσ is the algebra of the one σ that is the polynomial algebra generated by the
monomials from semigroup Sσ. In short: Aσ = C[Sσ].
Uσ is the ane variety assoiated with the one σ that is Uσ = SpecAσ.
∆ denotes a fan in the lattie N whih is a set of ones in NR losed under taking
and interseting faes. More preisely, ∆ satises the following onditions:
• if σ ∈ ∆, then all its faes are also in ∆;
• if ones σ, τ ∈ ∆, then σ ∩ τ is a fae of both σ and τ .
FACT [Oda88, thm 1.3℄. If τ is a fae of σ, then the inlusion τ →֒ σ indues
an inlusion Uτ →֒ Uσ onto an open subset.
A tori variety is a variety dened by a fan ∆ in the following way: X(∆) =∐
σ∈∆ Uσ/ ∼, where ∼ denotes the identiation of the open subsets orrespond-
ing to ommon faes.
FACT [Ful93, 1.4 p 21 and 2.1, p 29℄. Tori variety dened as above is
separable and normal.
Here we introdue some additional, handy notation:
For a one σ by ∆(σ) we mean the fan onsisting of a one σ and all its faes.
For a fan ∆ by ∆(1) we mean one-dimensional skeleton of the fan ∆, i.e. ∆(1) =
{σ ∈ ∆ : dim σ = 1}.
For a olletion of vetors v1, . . . , vn by conv(v1, . . . , vn) we mean the onvex hull
of the vetors v1, . . . , vn i.e. conv(v1, . . . , vn) =
{∑n
i=1 ti · vi :
∑n
i=1 ti = 1
}
.
Remark 2.1. We will not distinguish between a one dimensional one σ in NR
and the primitive vetor generating σ ∩N .
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Let ∆ and ∆′ be fans respetively in NR and in N
′
R
.
A map of fans is a lattie homomorphism ϕ : N ′ → N , suh that
∀σ∈∆ ∃σ′∈∆′ ϕ(σ) ⊂ σ′.
We will denote it also by ϕ : ∆′ → ∆. Reall that any map of fans indues maps
of the: latties of haraters M → M ′, monoids Sσ → Sσ′ , algebras Aσ → Aσ′
and of the ane varieties Uσ′ → Uσ gluing together to a map X(∆′)→ X(∆).
A tori map is a map oming from a map of fans.
Notation. If ϕ : N ′ → N , ϕ : ∆′ → ∆ is a map of fans, then the orresponding
tori morphism will also be denoted by ϕ.
FACT. On a tori variety X(∆) there is an ation of the big torus TN ≃ N⊗ZC∗.
Moreover to any k-dimensional one σ we an assoiate n − k dimensional or-
bitOσ ≃ (C∗)n−k ([Ful93, 3.1℄), where the torus (σ+(−σ))∩N⊗C∗ ats trivially.
A 1-parameter subgroup λv : C
∗ → N ⊗Z C∗ assoiated with a vetor v ∈ N
is embedded in the big torus in the following way: λv(t) = (t
v1 , . . . , tvn)
For any one σ ∈ ∆ a tori stratum V (σ) is the losure of the orbit Oσ.
3 π11 - the fundamental group in odim 1
In this setion we introdue the notion of the fundamental group in odimension
1 and will prove some of its properties.
Denition 3.1. For an irreduible omplex algebrai variety X we dene fun-
damental group in odimension 1 as the inverse limit:
π11(X) = lim←−
U⊂X
π1(U)
where U goes over all open, non-empty, algebrai subsets of X suh that
codimC(X\U) ≥ 2
Remark 3.2. We will say X is 1-onneted in odimension 1, if π11(X) = 1.
Remark 3.3. The hoie of the base point is not important in our setup, beause
all the varieties under onsideration are irreduible and hene ar-wise-onneted.
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The following theorem together with orollary 3.9 and 3.10 explain how to al-
ulate π11 of a given normal variety.
Theorem 3.4. If V is a losed subvariety of a smooth variety X of the omplex
odimension at least 2 (codimC V ≥ 2), then π1(X) = π1(X\V ).
For simpliity of the proof we assume that V is smooth. We will use the follow-
ing three fats taken from the book [DNF86℄. These are respetively [DNF86,
III.2.10 thm 1℄, [DNF86, III.3.12 thm 1℄, [DNF86, III.2.10 thm 3℄:
Theorem 3.5 (Approximation by a smooth map). Let X be a Riemannian man-
ifold with metri ρ. If Y is a ompat variety, f : Y → X is a ontinuous map,
then it an be approximated by a smooth map with given preision i.e. ∀ε > 0
there exists smooth map g : Y → X suh that ρ(f, g) < ε.
Theorem 3.6 (Maps lose to eah other are homotopy equivalent). Let X and
Y be smooth, ompat Riemannian manifolds and f, g : Y → X be ontinuous
maps. If there exists ε > 0 suh that if ρ(f, g) < ε, then f and g are homotopy
equivalent.
Theorem 3.7 (Transversality). Let X, Y be C∞-smooth manifolds, V ⊂ X
smooth losed submanifold. If f : Y → X is smooth, then in any neighbourhood
of f we an nd g : Y → X transverse to V .
Proof. (of Theorem 3.4) We will show that the inlusionX\V →֒ X indues iso-
morphism of the fundamental groups. Let us look at a part of the long homotopy
exat sequene of the pair (X,X\V ):
π2(X,X\V )→ π1(X\V )→ π1(X)→ π1(X,X\V )
We will show that π2(X,X\V ) = π1(X,X\V ) = 1.
Let us take a representation of any element from π2(X,X\V ) that is a ontinuous
map of pairs ω : (D2, S1)→ (X,X\V ).
Note that as S1 is ompat andX\V is open, the maps lose enough to ω are maps
of pairs (D2, S1)→ (X,X\V ) and are homotopy equivalent with ω (theorem 3.6).
Using approximation theorem 3.5 we an assume, that ω is smooth. Moreover,
using the transversality theorem, we an assume that ω is transverse to V . As the
sum of the dimensions over R of D2 and V is stritly smaller than the dimension
of X , then by transversality we know that the image of ω does not interset V .
Thus ω : (D2, S1)→ (X\V,X\V ). We have shown that ω represents the neutral
element in π2(X,X\V ).
With the same tehnique we an show that π1(X,X\V ) = 1.

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Remark 3.8. In the appendix we have written the denitions and theorems whih
we need for the proof of theorem 3.4 without the smoothness assumption for V .
The proof in that more general situation stays the same, only in the last step we
use more general transversality theorem.
We will state some useful orollaries from theorem 3.4.
Corollary 3.9. If X is smooth, then π11(X) = π1(X).
Proof. In 3.4 we have shown that π1(X) = π1(X\V ) for V of odimension at
least 2. From the denition
π11(X) = lim←−
V⊂X
π1(X\V ) = lim
←−
V⊂X
π1(X) = π1(X).

Fat [Sha72, II.5 thm 3℄. Any normal variety X is smooth in odimension 1,
i.e. codim(Sing(X)) ≥ 2.
Corollary 3.10. If X is a normal variety, Sing(X) the set of its singular points,
X0 := X\ Sing(X) set of smooth points, then π11(X) = π1(X0).
Proof. From the proof of 3.4 we onlude that π1(X0) = π1(X0\V ) for V ⊂ X of
odimension at least 2, so the inverse limit in the denition of π11 has a realisation
on the set X0.

In order to examine the nature of singular points on omplex normal surfaes
Mumford in ([Mum61℄) introdued the loal fundamental group. He dened it as
diret limit over pointed neighbourhoods (in the analyti topology)
πx = lim
←−
U∋x
π1(U\{x})
In the ase of surfaes our fundamental group in odimension 1 is dened in the
same way in the algebrai ategory i.e. all the sets U are open in the Zariski
topology.
Mumford proved that rational surfae singularities are haraterised by their
loal fundamental groups. More preisely:
Denition 3.11. We all (X, x) a rational singularity if for some resolution
of singularities π : X ′ → X higher derivatives of the diret image funtor in π
vanish: Riπ∗(OX′) = 0 for i > 0.
Rationality of (X, x) an be haraterised as follows: in some resolution of singu-
larities (Xˆ,
⋃
Ei) → (X, x) exeptional urves Ei are smooth, rational, interset
transversely and their intersetion graph is ayli.
6
Theorem 3.12 (Mumford). If (X,x) is a normal rational omplex singularity
and πx(X) = 0, then x is a smooth point.
Another similarity with Mumford's approah is that in this paper we deal with
tori varieties, whih have only rational singularities. We will see that any wps
is 1-onneted in odimension 1. A wps surfae is usually singular in 3 points
([Dim86℄). It means that on a wps any loop around one singular point an be
ontrated without touhing singularities.
Denition 3.13. A nite, surjetive morphism ϕ : Y → X is alled overing
in odimension 1 if it is unramied in odimension 1. More preisely, there
exists a subvariety V ⊂ X suh, that:
• codim(V ) ≥ 2
• ϕ |Y1 : Y1 → X\V is a topologial over, where Y1 = ϕ−1(X\V ).
Remark 3.14. Let Y → X be a overing in odimension 1. It is universal (in
the usual, ategorial sense) if and only if Y is one-onneted in odimension 1,
i.e. π11(Y ) = 0.
Lemma 3.15. Let p : X˜0 → X0 be the topologial universal overing of the set of
smooth points X0 of a normal variety X suh, that p and X˜0 are algebrai. Then
p extends to a universal overing in odimension 1.
Proof. Let us rst observe that it is enough to solve the problem for an ane
X (ompare [Iit82, 2.14℄). If X satises the above onditions, we have following
diagrams of varieties and of algebras:
X A
↑ ↓
X˜0
p→ X0 A˜0 p← A0
We want to nd X˜ and A˜, extending these diagrams. Denote by K˜ the quotient
eld of A˜0, by A˜ integral losure of the ring p(A) in K˜ and by X˜ = Spec A˜. Then
inlusion A →֒ A˜ gives the required extension.

4 The group π11 for tori varieties
In this setion we alulate the fundamental group in odimension 1 of a tori
variety in terms of its ombinatorial desription. See [Ful93℄ for standard tori
geometry used in this paragraph.
Lemma 4.1. Let X be a normal, irreduible variety, U its open, dense subset
in the Zariski topology. Then the inlusion U →֒ X indues surjetion of the
fundamental groups: π1(U)։ π1(X),
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Remark 4.2. This lemma generalises the part of theorem 3.4 where we have
shown that π1(X,U) appearing in the following long exat homotopy sequene of
the pair (X,U) is trivial:
π1(U)։ π1(X)→ π1(X,U)→ π0(U) = 1
Proof.(of lemma 4.1) Let p : Y → X be the universal overing. Let us restrit it
to a Zariski open set U , i.e. let us onsider p1 : Y1 → U , where Y1 = p−1(U). Our
varietyX is normal and irreduible, so it is loally irreduible as an analyti spae,
i.e. utting out subset of a stritly smaller dimension (over C) does not disonnet
the onneted open subsets. Thus, as p is an open map, Y1 is onneted. Let
us onsider long exat homotopy sequene for brations [SS71, 7, 2, Thm 10℄ -
write it for p and p1:
π1(Y1)
p∗
1→ π1(U) → π0(F ) → π0(Y1) = 1
↓ ↓ ‖ ‖
1 = π1(Y )
p∗→ π1(X) → π0(F ) → π0(Y ) = 1
By a usual diagram hase we onlude that the homomorphism in question is
surjetive.

Denition 4.3. Let v be a vetor in the lattie N , let λv : C
∗ → TN be the
orresponding one-parameter subgroup. With the vetor v there is an assoi-
ated loop in the torus TN , whih we will also denote by λv. It is given by
the inlusion S1 ≃ U(1) →֒ C∗, assoiated with one-parameter subgroup λv via
U(1) = {t : |t| = 1}.
Corollary 4.4. Let ∆ be a fan in NR. Any loop in π1(X(∆)) is homotopy
equivalent with an algebrai 1-yle, i.e. assoiated to a vetor v ∈ N .
Proof. Any tori variety is normal, irreduible and ontains as an open dense
subset the big torus. Thus by theorem 4.1 we know that π1(TN ) ։ π1(X(∆)),
and π1(TN ) ≃ N is of ourse generated by λe1, . . . , λen.

Lemma 4.5. For a fan ∆ and tori variety X(∆) we have
π11(X(∆)) = π1(X(∆(1)))
.
Proof. X(∆(1)) is an open subset of X(∆) whose omplement is of odimension
at least 2: codimC(X(∆)\X(∆(1))) ≥ 2. So
π11(X(∆)) = π1(X(∆(1)))
by Theorem 3.4. Moreover X(∆(1)) is smooth so by Corollary 3.9 the laim
follows.

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Lemma 4.6. If a vetor v lies in the relative interior of a one σ ∈ ∆, then the
loop λv is ontratible in Uσ.
Proof. If v lies in the relative interior of a one σ ∈ ∆, then there exists the
limit limt→0 λv(t) = xσ ([Ful93, 2.3℄). Thus the map λv : C
∗ → TN →֒ Uσ an be
extended to a map λ˜v : C→ Uσ, whih implies that the loop λv is ontratible.

Lemma 4.7. Let N be a lattie of rank n, let ∆ be any fan in NR, with rays
generated by primitive vetors v1, . . . , vk. Then:
π1
(
X
(
∆(1)
))
= N/N ′
where ∆(1) is the one-dimensional skeleton of ∆, and N ′ ⊂ N sublattie generated
by v1, . . . , vk.
Proof. From the orollary 4.4 we know that π1(X(∆(1))) is generated by
{λv : v ∈ N}. Also, from lemma 4.6, we know that the loops λv1 , . . . , λvk are
ontratible. Moreover, for any vetor vi we have an isomorphism
C
∗ × . . .× C∗ × C ≃ X(cone(vi))
thus π1(X(cone(vi))) = N/Z·vi. NowX(∆(1)) is overed by open setsX(cone(vi)),
of whih fundamental groups we already know. Intersetion of any two of those
sets is the big torus. We use the van Kampen theorem:
π1
(
X
(
∆(1)
))
=
(∏
π1
(
X
(
cone(vi)
)))/
∼
=
(∏(
N/Z · vi
))/
∼
= N/N ′
where ∼ denotes identiations along the map oming from TN →֒ X(cone(vi)),
that is oming from the surjetion: N ։ N/Z · vi.

We summarise the results of this setion in the following theorem haraterising
fundamental group in odimension 1 for tori varieties:
Theorem 4.8 (π11 for tori varieties). Let ∆ be a fan in a lattie N . Then:
π11
(
X(∆)
)
= N/N ′
where N ′ is the sublattie of N generated by vetors from 1-dimensional ones
in ∆.
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5 Weighted projetive spaes
In this setion we will reall the denition of a weighted projetive spae. Later
we will alulate its fundamental group in odimension 1.
Notation 5.1. Let v0, . . . , vn be primitive vetors in a lattie N of rank n suh,
that 0 ∈ int(conv(v0, . . . , vn)). By ∆(v0, . . . , vn) we denote the fan onsisting of
the ones σi = cone(v0,
i
∨. . ., vn) and all their faes.
Denition 5.2. Let a0, . . . , an be positive integral numbers. A weighted pro-
jetive spae with weights (a0, . . . , an) is the orbit spae of the following ation
of C∗ on Cn+1\{0}:
t · (x0, . . . , xn) = (ta0 · x0, . . . , tan · xn)
and it is denoted by P(a0, . . . , an). We will denote the lass of weighted projetive
spaes by wP.
Remark 5.3. For any natural number k there is an isomorphism:
P(ka0, . . . , kan) ≃ P(a0, . . . , an).
therefore we an assume that GCD(a0, . . . , an) = 1, but even with this assumption
the numbers a0, . . . , an are not uniquely dened ([IF00℄, [Dim86℄, [Dol82℄).
The following proposition desribes the struture of a tori variety on a w.p.s.
Proposition 5.4. Let N be a lattie in Rn generated by primitive vetors v0, . . . , vn
suh, that a0v0 + . . .+ anvn = 0. Then
X
(
∆(v0, . . . , vn)
) ≃ P(a0, . . . , an)
Proof. Denote by ∆ the fan ∆(v0, . . . , vn), by p : C
n+1\{0} → P(a0, . . . , an)
the quotient map from the above denition. The aim is to prove that, p is tori.
First we explain what the fan of Cn+1\{0} looks like. Let N ′ be a lattie of rank
n + 1 in Rn+1, with the standard basis e0, . . . , en. Let ∆
′
be the fan onstruted
in the same way as ∆, i.e. ∆′ onsists of the ones {cone(e0,
i
∨. . ., en)}. Then ∆′
is the fan of C
n+1\{0}. We dene a map ϕ : Cn+1\{0} → X(∆) on the level of
latties by the formula ϕ(ei) = vi. We will show that this oinides with p. It
is straightforwards that ϕ is the projetion along the vetor (a0, . . . , an), so its
kernel is generated by this vetor and we have the following short exat sequene:
0→ Z · (a0, . . . , an)→ N ′ → N → 0.
Now we apply the funtor ⊗ZC∗ to this sequene in order to obtain ϕ : TN → TN ′
on the level of tori. Beause ϕ : N ′ → N is surjetive we get the exat sequene:
0→ (Z · (a0, . . . , an)⊗Z C∗ ≃ C∗)→ N ′ ⊗Z C∗ → N ⊗Z C∗ → 0
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where C∗ →֒ N ′ ⊗Z C∗ is given by: t 7→ (a0, . . . , an) ⊗ t. Thus the kernel of
ϕ as a map of tori is the one-parameter subgroup orresponding to the vetor
(a0, . . . , an). We have shown that for the big torus we are dividing out by the
C∗-ation, and hene p |T
N′
= ϕ |T
N′
, whih means ϕ = p.

We note, that any weighted projetive spae P(a0, . . . , an) is obtained as a quo-
tient of P
n
by an ation of some nite group. This map is usually branhed in
odimension 1.
Proposition 5.5. Any weighted projetive spae is the orbit spae of an ation of
a nite group on a projetive spae of the same dimension: if GCD(a0, . . . , an) = 1,
then P(a0, . . . , an) = P
n/G, where G = Za0 ⊕ . . .⊕ Zan ats oordinate-wise (see
equation below).
Proof. We will onstrut tori maps q and q′ in the following diagram:
Cn+1\{0} q′−→ Cn+1\{0}yϕ1 yϕ
Pn
q−→ P(a0, . . . , an)
where ϕ is a projetion dened as in the proof of proposition 5.4 and ϕ1 is the
usual dividing out by salar multipliation.
On latties ϕ : N ′ → N (respetively ϕ1 : N ′1 → N1) is a projetion along
the vetor (a0, . . . , an) (respetively (1, . . . , 1)). We will hoose a basis for the
sublattie N ′1 of the lattie N
′
in suh a way that, the vetor (1, . . . , 1) from the
lattie N ′1 will beome the vetor (a0, . . . , an) from the lattie N
′
.
Let N ′1 = Za0e0 ⊕ . . .⊕ Z anen and let q′ : N ′1 →֒ N ′ be the inlusion of latties.
On the level of varieties q′ orresponds to a quotient by the ation of G = Za0 ⊕
. . . ⊕ Zan : let εi be the primitive root of 1 of degree ai and at the same time
generator of Zai ⊂ G. Then the ation is as follows:
(1, . . . , εi, . . . , 1)(x0, . . . , xn) = (x0, . . . , εi · xi, . . . , xn)
and it desends to the required ation on Pn. Thus the earlier desribed diagram
of latties an be ompleted to a ommutative one:
N ′1
q′−→ N ′yϕ1 yϕ
N1
q−→ N
In that way we have onstruted the map q : Pn → P(a0, . . . , an) ompleting the
initial diagram.

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Remark 5.6. The numbers a0, . . . , an are not uniquely dened, nor are the maps
in question.
The last theorem of this setion will summarise results of the previous two setions
in the useful form:
Theorem 5.7. Weighted projetive spae P(a0, . . . , an) is one-onneted in odi-
mension 1 i.e. π11(P(a0, . . . , an)) = 0.
Proof. This follows from the theorem 4.8, whih says that π11(X(∆)) = N/N
′
.
For P(a0, . . . , an) latties N and N
′
are the same  N ′ is dened as sublattie N
generated by the vetors v0, . . . , vn ∈ ∆(1). Proposition 5.4 says that the vetors
v0, . . . , vn generate the lattie N .

6 Fake weighted projetive spaes
In this setion we dene fake weighted projetive spaes (fwps). The fan of a fake
weighted projetive spae is desribed in the Reid's proof of theorem 1.1, and it
is almost the same as a fan of a weighted projetive spae.
We already have introdued notation for those (5.1), when we have been
dening weighted projetive spaes. The only dierene between these two lasses
of varieties, when we look at fans and latties is that in fwps ase the vetors
dening the fan need not to generate the lattie N .
Denition 6.1. We all X(∆(v0, . . . , vn)) a fake weighted projetive spae
for any vetors satisfying assumptions of the notation 5.1. We denote the lass
of fake weighted projetive spaes by tP, or by tPn if we mean the sublass of
varieties of dimension n in tP.
Example 6.2. The lass tP is signiantly bigger than the lass wP: let us take
the fan generated by the following vetors in the standard N = Z2 lattie:
v0 = (1,−1), v1 = (1, 2), v2 = (−2, 1)
The generated lattie has index 3, thus X(∆(v0, v1, v2)) is not a wps, but of ourse
is in tP. As we will see later it is a P2 divided by the following ation of Z3
ε · (x0, x1, x2) = (x0, ε · x1, ε2 · x1)
where ε is primitive root of unity of degree 3.
Before we state the main result of this setion we need to prove the following
lemma:
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Lemma 6.3. Let Nˆ ⊂ N be both of rank n. Let ∆ˆ and ∆ the same fan embedded
respetively in the lattie Nˆ and N . Then the nite group G = N/Nˆ ats on
X(∆ˆ) and the quotient map ξ : X(∆ˆ) → X(∆) omes from the inlusion of
latties ξ : Nˆ → N .
Proof. The following sequene is exat:
0→ Nˆ → N → G→ 0.
We apply the funtor ⊗ZC∗ to it and we get:
0→ Tor1
Z
(G,C∗)→ TNˆ → TN → G⊗Z C∗ → 0.
We an rewrite the above sequene as:
0→ G→ TNˆ → TN → 0.
Thus on the tori we have a topologial overing ξ : TNˆ → TN with Galois group
G. The group G ats on TNˆ by left multipliation. This ation an be extended
to X(∆ˆ). We will show, that ξ is the quotient map. Note that it is enough to
nd a overing by ane subsets with this property.
Fix σ ∈ ∆. We will show, that the restrition ξ |Uσˆ : Uσˆ → Uσ is the quotient
map. The ation of G on the torus TNˆ indues the ation of G on the funtion
algebra of the torus A0ˆ and the map ξ : A0 → A0ˆ is an inlusion on the G
- invariant subalgebra. As G is a subgroup of the torus, it ats also on the
algebra Aσˆ, thus the restrition ξ |Aσ : Aσ → Aσˆ is an inlusion on the G-invariant
subalgebra as well. We onlude that ξ : X(∆ˆ)→ X(∆) is the quotient map.

Theorem 6.4. For any fake weighted projetive spae X(∆(v0, . . . , vn)) there
exist a unique universal overing in odimension 1, whih is a weighted projetive
spae ξ : P(a0, . . . , an)→ X(∆(v0, . . . , vn)). Moreover the numbers a0, . . . , an are
positive, integral and they satisfy the ondition:
∑n
i=0 aivi = 0.
Proof. The overing is indued by lattie inlusion. Let Nˆ be the sublattie of N
generated by vetors v0, . . . , vn. These vetors are dependent in N , moreover 0 ∈
conv(v0, . . . , vn). Let a0, . . . , an be positive integers suh, that
∑n
i=0 aivi = 0. Let
us onsider the fan ∆(v0, . . . , vn) in the latties Nˆ and N . Denote it respetively
by ∆ˆ and ∆. Of ourse X(∆ˆ) is the wps P(a0, . . . , an). The lemma 6.3 says that,
the map ξ : X(∆ˆ)→ X(∆) indued by the inlusion of latties is a quotient map
and that there is an indued group ation of N/Nˆ on P(a0, . . . , an). We need to
show that ξ is unbranhed in odimension 1. We know that:
• branhing points of ξ are in 1-1 orrespondene with the points with non-
trivial isotropy group of the ation of N/Nˆ
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• all points in an orbit of the ation of big torus have the same isotropy group
• any orbit Oτ is ontained in the ane set Uτ .
Let us x a 1-dimensional one τ (in other words a vetor v ∈ {v0, . . . , vn})
and let us hek that ξ |Uτˆ : Uτˆ → Uτ is unbranhed on Oτ (where τˆ denotes the
one τ as a subset of Nˆ). The vetor v is primitive both in the lattie N and
in the lattie Nˆ . Thus Uτˆ ≃ Uτ ≃ C × (C∗)n−1 and also Oτˆ ≃ Oτ ≃ (C∗)n−1.
Moreover the oordinates an be hosen in suh a way that the map ξ : Uτˆ → Uτ
beomes the produt of identity and the already desribed map on tori. Consider
the following ommutative diagram of short exat sequenes:
0 → Z · v → Nˆ → Nˆ/Z · v → 0
‖ ↓ ‖
0 → Z · v → N → N/Z · v → 0
If we split the top sequene and the lower one aordingly, then the splittings
will math. Therefore we get the following ommutative diagram:
C → Uτˆ → Oτˆ
‖ ↓ ↓
C → Uτ → Oτ
where Oτˆ → Oτ is a topologial over with the Galois group N/Nˆ . Finally ξ
is a overing in odimension 1 and by theorem 5.7 it is a universal overing in
odimension 1.

Theorem 6.5 (Charaterisasion of the lass wP in the lass tP). If X is a fake
weighted projetive spae then it is a weighted projetive spae if and only if it is
1-onneted in odimension 1. In short:
X ∈ tP =⇒ (X ∈ wP⇐⇒ π11(X) = 1)
.
Proof. By theorem 6.4 we have a uniquely dened universal overing by a
weighted projetive spae, whih is trivial exatly for the lass of wps.

Corollary 6.6. We an summarise the results of 6.4 and of 5.5 by saying that
for any fake weighted projetive spae X there exists a nite map ψ : Pn → X.
This is not uniquely dened.
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Before we proeed, let us note that fake weighted projetive spaes an atually
appear as bers of extremal ontrations, as desribed by Reid. Let us take
any 2-dimensional fwps (example 6.2). From the one theorem we know that
extremal rays in NE(X) orrespond to tori strata of dimension 1, that is to
ones of dimension 1. Let us take any one σ of dimension 1. The orresponding
map ontrats the urves numerially equivalent with V (σ). Let us reall ([Ful93,
3.4, p 63℄) ) the well-known formula for the rank of the Piard group for tori
variety with simpliial fan: rkPic(X(∆)) = #∆(1) − rkN . In our ase: X ∈
tP2 ⇒ rkPicX = 3− 2 = 1, so the target of our ontration is a point.
7 Appliation - quotients of P
2
by a yli group
To illustrate theorem 6.4, we will nd expliitly all possible ations of a yli
group on the surfae P
2
, that give the universal overing in odimension 1. We
will investigate a partiular tori map oming from the inlusion of latties as in
lemma 6.3).
Lemma 7.1 (Tori quotient of Cn+1 by Zr). Let ε be a primitive root of unity of
degree r, let a0, . . . , an be non-negative numbers. Assume that GCD(a0, . . . , an) = 1.
Fix the ation of yli group Zr = 〈ε〉 on Cn+1 by:
ε · (x0, . . . , xn) = (εa0 · x0, . . . , εan · xn).
Then the quotient map ϕ : Cn+1 → Cn+1/Zr is a tori map orresponding to the
inlusion of latties:
ξ : Z · e0 ⊕ . . .⊕ Z · en →֒ Z · v + (Z · e0 ⊕ . . .⊕ Z · en),
where v = 1
r
(a0 · e0 + . . .+ an · en). On the level of ones ξ is the identity.
Proof. Set Nˆ = Z · e0⊕ . . .⊕Z · en and N = Z · v+Z · e0⊕ . . .⊕Z · en. We have
the exat sequene:
0→ Nˆ ξ→ N → Zr → 0.
From lemma 6.3 we know that ξ : Cn+1 → Cn+1/Zr is a quotient map and its
kernel on the level of tori is Zr. We need to hek how this Zr is embedded in
TNˆ . On tori we have:
0→ Zr → TNˆ
ξ→ TN → 0,
where ξ(ei ⊗ t) = ei ⊗ t. Reall that the isomorphism TN ≃ N ⊗ C∗ is given by
(v0, . . . , vn) ⊗ t = (tv0 , . . . , tvn). The group generated by (εa0 , . . . , εan) is in the
kernel:
ξ(
n∑
i=0
aiei ⊗ ε) =
n∑
i=0
aiei ⊗ ε = r · v ⊗ ε = v ⊗ 1 = 0
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(for the module N ⊗ C∗ we use the additive notation). We know that Zr is
the kernel, thus it is generated by (εa0 , . . . , εan) and the ation is diagonal, as
required.

Remark 7.2. In the above proof vetor v is not unique: by taking any v1 deter-
mining the same lattie, we get the same ation. In other words if:
v − v1 ∈ Nˆ,
then the latties:
Z · v1 + (Z · e0 ⊕ . . .⊕ Z · en) = Z · v + (Z · e0 ⊕ . . .⊕ Z · en)
are idential, thus the vetors v and v1 determine the same map.
Lemma 7.3 (When is tP2 overed by P2 in odimension 1). A surfae tP2 is
overed by P2 in odimension 1 if and only if it is isomorphi to the orbit spae
of Zr ating on P
2
in the following way:
ε · (z0 : z1 : z2) = (z0 : εa+1 · z1 : εa · z2).
In the above we assume ε to be a primitive root of unity of degree r and
GCD(a, r) = GCD(a+ 1, r) = 1.
Proof. Let X(∆) ∈ tP2 and let v0, v1, v2 be the vetors generating ∆(1) in the
lattie Z · f1 ⊕ Z · f2. We an assume that v0 = (1, 0) by applying a lattie
automorphism if neessary. As the overing wps of X(∆) is P2 ≃ P(1, 1, 1), the
sum of the vetors v0, v1, v2 need to be zero: (1, 0) + (a, r) + (c, d) = (0, 0). We
get: 1 + a + c = 0 and r + d = 0. Thus the fan ∆ is generated by the vetors
(1, 0), (a, r), (−1− a,−r). These vetors generate lattie of index r in the initial
lattie. Thus on tori we are dividing out by the yli group Zr. Now it is enough
to see what this ation looks like in homogeneous oordinates P2. We will nd an
ation of Zr on C
3\{0} whih desends to P2. Let us write the following diagram:
C3\{0} /Zr−→ C3\{0}/Zry/C∗ y/C∗
P2
/Zr−→ X(∆)
orresponding to the following diagram of latties:
Ze0 ⊕ Ze1 ⊕ Ze2 −→ Zw + (Ze0 ⊕ Ze1 ⊕ Ze2)y/(1,1,1) y/(1,1,1)
(Zv0 ⊕ Zv1 ⊕ Zv2)/Z(v0 + v1 + v2) −→
(
Zf2 + (Zv0 ⊕ Zv1 ⊕ Zv2)
)
/Z(v0 + v1 + v2)
,
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where w = 1
r
(a0, a1, a2). We already know that:
f2 =
1
r
(
(a + 1) · v0 + a · v2
)
so we an assume a0 = 0 and thus a1 = a + 1, a2 = a. From the lemma 7.1 the
ation of Zr on C
3\{0} in the homogeneous oordinates is given by the required
formula.

Remark 7.4. Of ourse the ation an be written in various ways - we an mul-
tiply by a number and hoose various primitive roots. This ambiguity orresponds
to that in the proof 7.1. Let illustrate this phenomena on an example. Let ξ = 7
√
1.
Consider the ation
ξ · (x0 : x1 : x2) = (x0 : ξ3x1 : ξ5x2)
By substituting ε = ξ2 we get ξ3 = ε5 and ξ5 = ε6, so the ation is:
ε · (x0 : x1 : x2) = (x0 : ε5x1 : ε6x2)
This orresponds to the following ambiguity on the vetors:
2
7
(0, 5, 6)− 1
7
(0, 3, 5) = (0, 1, 1)
However, if the Zr-ation is free outside of a nite set, it an be written as in
lemma 7.3 as follows: Suppose we have the following ation:
ξ · (x0 : x1 : x2) = (ξbx0 : ξcx1 : x2) = (x0 : ξc−bx1 : ξ−bx2)
where GCD(b, r) = GCD(c, r) = GCD(b − c, r) = 1. It is equivalent to the
ation:
ε · (x0 : x1 : x2) = (x0 : εa+1x1 : εax2)
where ε = ξc, and ac = −b mod r.
Lemma 7.5. (Lemma 7.3 from dierent point of view.) If an ation of Zr
on P2 is algebrai and free out of nite number of point, then it an be written in
some basis in the form:
ε · (z0 : z1 : z2) = (z0 : εa · z1 : εa+1 · z2)
where ε is a root of unity of degree r and a and a+ 1 are o-prime to r.
Proof. All the algebrai automorphisms of P
n
form the group PGL(n+1) [Har77,
Exerise 7.2℄. In our ase Zr is a subgroup of PGL(3) = SL(3)/Z3. Matrix of
the generator of Zr, seen as an element of SL(3), an be diagonalised beause it
has nite order.
By hoosing the oordinates diagonalising the ation and using the lemma 7.3 we
get the required formula.

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Corollary 7.6. If a normal surfae S fulls the assumptions of [WW03, Thm
2.3℄ and π11(S) is a yli group, then S is isomorphi with a surfae of type tP
2
from the lemma 7.3.
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A Appendix - stratiations
Here we quote the denitions and theorems needed for the proof of theorem 3.4
in its stronger version. It says that for smooth X and not neessarily smooth
algebrai subvariety V of odimension at least 2, one has π1(X\V ) = π1(X).
Denition A.1. Let V be a losed subvariety of a smooth variety X. We say
that there exists a Whitney stratiation of V if V an be written as a sum
V =
⋃
i∈I Si, where I is a partially ordered set and the following onditions hold:
- Si is loally losed, smooth subvariety of X,
- if α < β the Whitney onditions A and B for the pair Sα, Sβ hold: for any
sequene xi ∈ Sβ onvergent to the point y ∈ Sα and for any sequene of points
yi ∈ Sα onvergent to the same point y ∈ Sα let us denote seants by li = xiyi.
Suppose that li onverge to the line l and the tangent spaes TxiSβ onverge to τ ,
then the Whitney onditions say:
(A) TySα ⊂ τ
(B) l ⊂ τ .
Theorem A.2 (Stratiation, [GM88, p. 1℄). If V ⊂ X is a subvariety of a
smooth algebrai variety X, then there exists a Whitney stratiation for V .
Theorem A.3 (Transversality, [GM88, p. 1℄). Let Y and X be smooth varieties,
let W ⊂ Y and V ⊂ X be their losed subsets with Whitney stratiations. Then
the set of maps f : Y → X whih are transversal to V when restrited to do W
is open and dense in the C∞-Whitney topology on the spae of smooth maps from
Y to X.
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